Introduction
Hyper-elastic materials are used in many forms and chemical mixtures and are found in a broad range of consumer and industrial products such as air springs, tyres, shock absorbers, conveyors and power transmission belts. The versatility of rubber composites is due to their rather special mechanical properties i.e. exceptional elasticity, deformability, damping performance etc. when compared with more traditional metal construction materials.
Fatigue and structural degradation related issues of rubber composites remain an important factor when designing a new product, since normally rubber components are subjected to arbitrary dynamic loadings under different, and often detrimental environmental conditions that cannot be quantified easily. Therefore, the development of numerical approaches that can be used to predict the fatigue life of such parts is a very active area of research in both industry and academia. These approaches [1] [2] [3] [4] [5] are of particular interest in industry where components can be designed and evaluated prior to physical testing 6 . In the long run this results in a more efficient and sustainable product with considerable benefits for end-users in terms of cost, safety and durability.
In recent papers 7-9 the fatigue life prediction of filled rubber was treated as the crack nucleation life, obtained from available stress and strain histories. This stress-strain approach is widely used for fatigue life evaluations 3, [10] [11] [12] . Here, we assume that functionality is compromised even if a very small crack or hole appears on the surface of the rubber component, resulting in a significant drop in internal pressure, damping properties etc. Since the ratio between the size of the initial crack and the size of the rubber component is usually substantial, the stress-strain approach has proved viable 8, 9 .
The chemical composition of rubber has a direct effect on durability. For example, it is known that the mechanical properties of rubber can be significantly changed during the manufacturing process by adding chemical products such as antioxidants, antiozonants and curatives 13, 14 . Here, the influence of these generally beneficial products on fatigue life is considered indirectly e.g. over the obtained material parameters, measured material response and fatigue curves. The degradation of microstructure due to thermal, environmental (oxygen, ozone and ultraviolet radiation) and chemical (oil and sour gasoline) factors should not be underestimated [15] [16] [17] . It turns out that the individual contributions of heat, environmental factors and chemistry on the fatigue life of a rubber component are very difficult to consider.
Therefore, environmental effects are not directly considered in the procedure presented in this paper.
When developing the exact method for calculating the fatigue life of an air-spring it is difficult to choose the correct damage parameter. For example, those calculations based on signed von Mises stress have proved 8 inadequate since the first and the third principal stresses in absolute size can be alike. This can lead to an incorrect calculation of the equivalent stress sign, thus small variations of the stress values can cause a variation of the sign and consequently miscalculation of stress amplitudes and mean stresses. Recently, the critical plane approach was incorporated into a method for calculating the fatigue damage of an airspring 8 . Evaluation of this method showed 8, 18 that the critical plane approach gives satisfactory results when compared with experimental observations. However, the numerical analysis can be very time consuming if damage is to be calculated for a large number of finite element nodes.
Other approaches exist that can be used to calculate fatigue life [19] [20] [21] , one type of which are energy approaches 3, 4, 19, 22, 23 . Overall, energy approaches show good agreement with experiments especially when applied to traditional materials such as steel and steel alloys.
Energy approaches are generally based on the assumption that the thermodynamic state of a material can be described in terms of an energy potential that changes when the material undergoes a specific transformation, for example rearrangements of the microstructure due to an external load. If interpreted correctly the difference of energy potential can be used as a parameter to evaluate fatigue damage. However, calculating fatigue life in terms of energy can quickly become very challenging since defining energy potential is not so straightforward.
The procedure normally requires the identification of complex analytical mathematical expressions that define thermodynamic variables governing the energy potential of the solid for any given time instant. This often generates further difficulties because the necessary material parameters are difficult to obtain experimentally.
Nevertheless, there are simplified approaches to obtain the energy potential e.g. strain energy density integration approaches 3 . In order to improve fatigue life predictions, energy approaches also rely on semi-empirical mathematical expressions and dedicated energy parameters derived from experiments 24 . To this end, several authors have developed energy approaches that employ the ideas of traditional stress or strain approaches, in particular the influence of the stress amplitude and the mean stress 4 .
In this paper a novel energy based fatigue life approach 25 that was primarily developed for application to elastic and hyper-elastic materials is utilised and further enhanced. An overview of the calculation procedure of the energy approach is shown in Figure 1 . temperature can be applied. In addition, all the variables referred to in this paper are applied to an elastic material; hence "el" superscripts will be omitted for clarity. Unless stated otherwise all variables are time dependent, hence "t" has also been omitted from equations for clarity.
Energy damage parameter
The strain energy density W (referred to as strain energy hereafter) is equivalent to the area under the stress-strain curve per unit volume and it is very often used as a measure of fatigue damage 13, 26, 27 . The energy can be obtained in post processing e.g. by numerical integration after FEA is carried out and the corresponding stress-strain tensors are available. It should be mentioned, that for variable temperature FEA have to be carried out with temperature dependent material data. The strain energy density can also be determined by analytical expressions and thermodynamic state variables 28 , but such approaches are generally too complex for practical application. In this paper the strain energy is calculated as follows:
where for the given interval between the first and a given strain 0, ij ε Figure 2 shows that the sum of W and C formed by the i -th and j -th tensor components always forms a rectangular shape that corresponds to the total energy U .
This is an important assumption as the total energy includes the contribution of the stress and strain tensor while the necessary integration can be omitted due to simplification with the rectangular shape at any given time (see Figure 2 ). It should be noted that such approach is feasible although complementary part has no actual physical background and as such do not contribute to total damage 25, 26 .
Both the strain and complementary energies are invariant 29 thus stress and strain tensors can be replaced by a principal stress tensor p σ and principal strain tensor p ε for 1, 2,3 p = . This way multiaxiality and the effect of mean stress can be addressed effectively.
It should be pointed out that it is crucial for the approach that principal stresses and strains are sorted correctly prior running the energy calculation. It is expected that they are sorted with respect to individual direction cosines. For example, it is assumed that direction cosines for the first two time instants have been calculated and that a distinct principal index 1, 2,3 p = has been assigned to each principal direction. This first system of principal axes with non-zero stresses will be referred to as the initial principal system and the corresponding principal axes will be referred to as the initial principal axes. Then, for the second time instant, the principal stress with direction cosines closest to the initial 1 p = unit basis vector is labelled as 1 σ . The same procedure is employed to assign indexes to the other two principal stresses. The concept of the applied sorting algorithm including the anticipated outcome is shown in Figure 3 .
The cone about each principal axis in Figure 3a represents all the limiting angles (a combination of three direction cosines that equally divide 3D space) for which the sorting algorithm provides a single solution i.e. each sorted principal direction lies within an angle of 45° about the corresponding initial principal axis. However, in some multiaxial cases with pronounced shear components or a rapidly changing input history, two principal axes can "fall out" of the cones into the unspecified interspace (see Figure 3) . In such cases, a solution can be achieved by taking into account the individual value of the direction cosine. This means that the values of direction cosines are sorted in a descending manner as the highest value with respect to the initial principal axis appointed as the principal index p . The notation of principal strains simply mirrors the notation of principal stresses.
Once the principal stresses and strains are sorted by direction cosines, the calculation procedure can continue 25 . Next, an energy based damage parameter is defined. 
In order to account for the mean stress effects the total equivalent principal energy e, p U in each direction is further split into two segments, namely the amplitude value of the total principal energy a, p U and the mean value of the total principal energy m, p U . The mean stress parameter α is proposed so as to control the influence of the mean stress effect as follows: In the next section, the value of the parameter e U is used to predict the fatigue damage.
Fatigue damage modelling
The fatigue damage calculation procedure is presented in this section. 25 , whilst the contribution of the complementary part is set to zero, Eq. 7 could be rewritten as follows:
This is an important assumption as it prepares the necessary grounds for the introduction of the developed energy damage operator approach. With this approach cyclic damage evolution is calculated for every time instant by employing the damage operator D in conjunction with energy life curves as described in detail previously 25, 33, 34 . The operator of Prandtl type is essentially used for modelling of hysteresis phenomenon in magnetism 27 , however the operator has also been modified for simulations of cyclic metal response and durability simulations 33, 34 . Here, the properties of the Prandtl operator are used to automatically process the damage parameter history 25 . During the procedure, history of the damage parameter is lead to the damage operator and accumulated fatigue damage f D is obtained as the variation of the damage operator over time given as:
Variation is calculated as follows: As the damage parameter history is processed automatically, e U should replace ae U as follows from Eqs. 4-6. Hence, Eq. 8 can be rewritten in terms of strain energy as The damage operator approach can process loading histories with variable temperature.
Temperature is in simulation considered indirectly by Prandtl densities which are gained from the available temperature dependent fatigue curves. Further details on proper temperature amendment of the operator as well as the discussion on the assumed application are explained elsewhere 25 . To this end, in order to use the above presented energy approach to predict the fatigue life of a component, the main steps are summarised again into the following list:
1. Loading history is processed and the corresponding stress and strain tensors are gained from FEA, principal stresses and principal strains are calculated.
2. Temperature dependent stress or strain fatigue curves are transformed into corresponding energy life curves and a proper mean stress parameter is selected (see Eq. 12).
3. Fictive yield energies are calculated 25 .
4. Principal stresses and principal strains are sorted by direction (see Figure 3 ).
5. Stress and strain amplitudes and mean stresses are calculated for every principal component and time instant by employing stress, strain origins 30 .
6. The mean stress corrected total equivalent principal energy (see Eq. 5) and the range of mean stress corrected total equivalent principal energy amplitude is calculated (see Eq. 6).
7. The total equivalent principal energy (see Eq. 4) and the total equivalent energy is calculated (see Eq. 6).
8. Equivalent cyclic damage and the cumulative fatigue damage is calculated.
9. Fatigue life is predicted.
Example
In this section, the presented energy damage approach is used to predict the fatigue life of an actual component. The component under investigation is a suspension air spring. The material data assessment and the required numerical simulations are discussed first. Then, fatigue damage modelling and comparison between prediction and observed fatigue life is presented.
Air springs are generally assembled from a piston with a bumper, an upper plate and a rubber composite bellows as shown in Figure 4 . Though all components of the air spring are important for its proper functionality, here only the rubber bellows is of interest.
The rubber bellows within the air spring is made of an inner rubber sealing layer, several reinforcement layers of nylon corded rubber material and an outer protective rubber layer.
The rubber composite of the bellows was modelled as a layered composite with two layers of nylon fibre material and three layers of rubber material 8 . The details regarding the finite element model are depicted in Appendix A. Hyper-elastic rubber properties were simulated by a multi-linear elastic material model, whilst the cord reinforcement material was simulated by a linear orthotropic material model. The restraints and loads of the finite element (FE) model were applied as follows from the actual air spring loading conditions 8 .
Stress and strain tensors needed for subsequent calculation of the total equivalent energy e U were obtained from finite element analysis (FEA) in the Ansys 8 . It should be noted that due to specific physical properties of rubber and rubberlike materials this kind of materials are usually modelled using hyper-elastic material models. Here, multi-linear elastic material model was used to simulate stress-strain response of rubber part e.g. the air spring bellows.
The reason is that in the presented case the elongation of the rubber in the air spring bellows is only up to 80 percent, which is relatively low for this kind of rubber material, hence hyperelasticity is not yet fully expressed. In addition, only uniaxial results of the rubber mixture were available for evaluation. Under these circumstances, it has been shown 8 that by using a multilinear elastic material model the simulated behaviour (stress-strain response) is in good agreement with observations. On the contrary, if a hyper-elastic material model is being used and only uniaxial material data is available, simulation can produce unsatisfying results. The main reason is that uniaxial material data is generally not enough to accurately determine parameters of most of hyper-elastic models with exception of the Marlow model that was at the time of the FEA not available in the Ansys. The applied material data including multilinear response curve of rubber material and orthotropic material properties of cord material are presented in Appendix B.
Stress and strain tensors were exported for the inner layer as the corresponding calculated stress values are considerably higher as compared to all other layers which is why the critical damage was also observed on the inner layer. Principal values were sorted by direction as required for the energy calculation. Loading conditions with measured dynamic pressure characteristic of the air spring is shown in Figure 5a . In addition Figure 5b shows an example of comparison between direction based and value based sorted principal stresses on actual node of the bellows.
In order to gain the energy life curve, air springs were physically tested by seven preselected displacement amplitudes at different design heights and internal pressure 8 until the point of crack initiation. For each load case four specimens were tested by using dedicated testing devices. It should be noted that for the purposes of this paper only the observed fatigue lives are provided (Table 1) , whilst experimental procedure and the equipment used are presented elsewhere 8 . To assemble the energy life curve shown in Figure 7 , only values on the critical node, that is the node with the maximum total equivalent energy amplitude, are used. The procedure is similar to the construction of Wöhler curves with at least two load levels (see Figure 6 ).
To properly account for the mean stress effect, the optimal value of α from Eq. 5 was searched for. It is assumed that the optimal value of α is attained when a maximum R 2 35 of the test data is reached as depicted in Figure 7 . It turns out that the optimal value here is 1 α = for a maximum R 2 = 0.8783.
Fatigue damage and fatigue life can be automatically calculated by considering the proper energy damage curve only after the total strain energy history is obtained. This means that material parameters and material model related data need to be worked out prior to the damage calculation. For validation purposes, four air springs were tested using linear amplitude load spectra as presented in Table 2 . Table 2 shows the number of finished cycle blocks for four air springs at eight different load levels. Loads were applied sequentially. All four air springs were exposed to the same number of cycle blocks up to an amplitude of 50 
Discussion
In order to evaluate the fatigue damage prediction quantitatively, a comparison between the calculated energy based fatigue damage presented here and a previously presented critical plane based predicted fatigue damage was made 5 . Results are presented by the contour plots as shown in Figure 8 . The critical plane calculation method requires significantly more computational effort as compared to the energy calculation method, since damage is calculated for every of the 128 th plane in each node; thus only a single column of elements including the critical one with maximum stresses was considered for fatigue calculation.
Consequently, Figure 8a shows a solution for the said single column of elements with results copied to all other elements of the air spring model. For the energy approach, a solution was obtained for all nodes as shown in Figure 8b . Furthermore, the fatigue damage distribution varies from side to side of the air spring bellows revealing the effect of the applied boundary conditions ( Figure 7 ). The maximum value was obtained at the same location by both analyses.
Numerical predictions were validated against the experimentally observed fatigue damages.
The predicted and the observed fatigue damage values at the end of the loading sequence (complete loading spectra as schematically depicted in Figure 5 was considered) when the air spring failed are collected in Table 3 .
In general, the closer the predicted fatigue damage is to the value of 1.00, the more accurate the prediction is. In that sense, Table 3 shows that simulations using the energy approach result in a better prediction (less conservative) as compared to predictions made by the critical plane approach -mostly due to a different consideration of stress and strain multiaxiality.
Specifically, no transformation of stress and strain tensors into their uniaxial equivalents is required by the energy approach.
Conclusions
An advanced energy-based fatigue damage operator approach including the mean stress effect was presented and verified in this paper. The predicted fatigue life shows good agreement with tested data. In fact, using the energy approach results in a less conservative prediction as compared to prediction made by the critical plane approach, 1.11 and 1.46 respectively.
The main advantages of the energy-based approach are:
-Strain energy including the mean stress effect is used as a fatigue damage parameter.
-Stress and strain tensors are transformed into principal values, sorted and used in the calculation procedure directly. No equivalent value or critical plane approach is required. The proposed sorting is based on the algorithm that continuously follows the principal directions and properly prescribes the principal notations.
-The energy calculation is simplified by using energy partition e.g. strain and complementary energy. can also take α that is more than 1 or less than 0, if experimental observations reveal such mean stress dependencies.
-The energy approach used here requires less computational effort as compared to the critical plane approach as energy is calculated in every node for every time instant only once.
-This approach offers online fatigue damage calculation, meaning that damage is obtained continuously regardless of the complexity and length of loading history.
-Assuming the FEA for the product under consideration is made correctly (gained tensors reflect actual stress-strain state), the approach is applicable for rubbers as well as for metallic alloys.
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